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Classical Kim-Pillay theorem
A short introduction

Shelah’s classification theory: meaningful dividing lines for
first-order theories.

Well known example: stable theories.
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Classical Kim-Pillay theorem
A map of the universe

Source: https://forkinganddividing.com

https://forkinganddividing.com
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Classical Kim-Pillay theorem
A map of the universe - stable theories

Source: https://forkinganddividing.com

https://forkinganddividing.com
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Classical Kim-Pillay theorem
Forking

Stable theories allow for the development of forking and dividing.

In general, dividing is stronger than forking, but in stable theories
they coincide.

The negation, nonforking, gives us a notion of independence:
tp(a/BC ) does not fork over C if a is ‘independent’ from B over C .

Notation:
a |̂

C
B
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Classical Kim-Pillay theorem
Forking - examples

Example

Let InfSet be the theory of infinite sets. Then:

A |̂
C

B ⇐⇒ A ∩ B ⊆ C .

Example

Let Q–Vec be the theory of Q–vector spaces (in the signature
{0,+}). Then:

A |̂
C

B ⇐⇒ span(AC ) ∩ span(BC ) ⊆ span(C ).
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Classical Kim-Pillay theorem
Simple theories

Simple theories are a generalisation of stable theories.

The concept of forking and dividing is still well-behaved in simple
theories (in particular, they still coincide).
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Classical Kim-Pillay theorem
A map of the universe - simple theories

Source: https://forkinganddividing.com

https://forkinganddividing.com
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Classical Kim-Pillay theorem
Simple theories - random graph

Example

The theory RdGraph of the random graph is that of an infinite
graph, such that for every two disjoint finite sets A and B of
vertices, there is a vertex c that has an edge to everything in A
and has no edges to B.

The theory RdGraph is simple, but not stable.

The nonforking independence is given by:

A |̂
C

B ⇐⇒ A ∩ B ⊆ C .
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Classical Kim-Pillay theorem
The theorem

Theorem (Kim-Pillay (1997))

Let T be a complete theory with infinite models. Let a |′^C B be a
relation between finite tuples a and sets B, C. Suppose that |′^
has the following properties:

Monotonicity:

a |′^
C

BD =⇒ a |′^
C

B and a |′^
BC

D.

Symmetry: a |′^C b ⇐⇒ b |′^C a.

Invariance, Transitivity, Finite Character, Local
Character, Existence, 3-Amalgamation.

Then T is simple and |′^= |̂ .
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Category-theoretic framework
λ-presentable objects

Everywhere λ will denote an infinite regular cardinal.

Definition

We say that an object X of a category C is λ-presentable if
Hom(X ,−) preserves λ-directed colimits.

Example

In the category Set of sets, a set X is λ-presentable if and only if
|X | < λ.

Example

In the category Grp of groups, a group G is λ-presentable if and
only if it has a presentation with < λ generators and relations.
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Category-theoretic framework
Accessible categories

Definition

A category C is λ-accessible if

it has all λ-directed colimits,

there is a set A of λ-presentable objects, such that any object
is a λ-directed colimit of objects in A.

We say that a category is accessible if it is λ-accessible for some λ.

Example

Both Set and Grp are ω-accessible.
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Category-theoretic framework
Accessible categories from model theory

Example

For any theory T , let Mod(T ) be the category of models of T with
elementary embeddings. For λ > |T |, a model M is λ-presentable
precisely when |M| < λ, so Mod(T ) is |T |+-accessible.

Example

For any theory T , let SubMod(T ) be the category of subsets of
models of T with elementary maps (of the subsets). That is,
objects are pairs (A,M) where A ⊆ M and M is a model of T , and
an arrow f : (A,M)→ (B,N) is a function f : A→ B that is
elementary.

Then SubMod(T ) is ω-accessible and its
ω-presentable objects are precisely those (A,M) where A is finite.



Classical Kim-Pillay theorem Category-theoretic framework Category-theoretic Kim-Pillay Example applications

Category-theoretic framework
Accessible categories from model theory

Example

For any theory T , let Mod(T ) be the category of models of T with
elementary embeddings. For λ > |T |, a model M is λ-presentable
precisely when |M| < λ, so Mod(T ) is |T |+-accessible.

Example

For any theory T , let SubMod(T ) be the category of subsets of
models of T with elementary maps (of the subsets). That is,
objects are pairs (A,M) where A ⊆ M and M is a model of T , and
an arrow f : (A,M)→ (B,N) is a function f : A→ B that is
elementary.

Then SubMod(T ) is ω-accessible and its
ω-presentable objects are precisely those (A,M) where A is finite.



Classical Kim-Pillay theorem Category-theoretic framework Category-theoretic Kim-Pillay Example applications

Category-theoretic framework
Accessible categories from model theory

Example

For any theory T , let Mod(T ) be the category of models of T with
elementary embeddings. For λ > |T |, a model M is λ-presentable
precisely when |M| < λ, so Mod(T ) is |T |+-accessible.

Example

For any theory T , let SubMod(T ) be the category of subsets of
models of T with elementary maps (of the subsets). That is,
objects are pairs (A,M) where A ⊆ M and M is a model of T , and
an arrow f : (A,M)→ (B,N) is a function f : A→ B that is
elementary. Then SubMod(T ) is ω-accessible and its
ω-presentable objects are precisely those (A,M) where A is finite.



Classical Kim-Pillay theorem Category-theoretic framework Category-theoretic Kim-Pillay Example applications

Category-theoretic framework
AECats

Definition

Let C be an accessible category, and let M be a full subcategory
such that:

M itself is an accessible category with directed colimits, and
the inclusion functor into C preserves directed colimits,

for every object A in C, there is some M ∈M such that there
is an arrow A→ M,

every arrow in M is a monomorphism in C (and thus in M).

The objects in M will be called models and we call such a pair
(C,M) an AECat (an abstract elementary category). We say an
AECat (C,M) has AP (the amalgamation property) if M has the
amalgamation property.
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Category-theoretic framework
AECats - examples

Example

For Mod(T ) we can just take M to be the entire category.

Example

For SubMod(T ) we let M be the full subcategory consisting of all
objects of the form (M,M).
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Category-theoretic framework
Galois types - motivation

The original definition of a type is very syntactical:

tpM(a/B) = {ϕ(x) : ϕ(x) with parameters in B, s.t. M |= ϕ(a)}.

Proposition

Let M,M ′ be two models that both contain B, and let a ∈ M,
a′ ∈ M ′. Then tpM(a/B) = tpM

′
(a′/B) if and only if there are

elementary embeddings M
f−→ N

g←− M ′ that agree on B and
f (a) = g(a′).
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Category-theoretic framework
Galois types - definition

Definition

In an AECat (C,M) with AP, let M,M ′ ∈M and suppose we
have a tuple of objects (Ai )i∈I with monomorphisms ai : Ai → M
and a′i : Ai → M ′. Then we say that they have the same Galois
type, denoted as

gtp((ai )i∈I ;M) = gtp((a′i )i∈I ;M
′),

if there are M
f−→ N

g←− M ′ such that fai = ga′i for all i ∈ I .

Example

In Mod(T ) and SubMod(T ) Galois types and syntactic types are
‘the same thing’.
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Category-theoretic framework
Galois types - <ω-tameness

If a and a′ are infinite tuples, and tpM(a/B) 6= tpM′
(a′/B), then

there must be finite subtuples c and c ′ such that
tpM(c/B) 6= tpM′

(c ′/B).

Definition

We say that an AECat with AP is <ω-tame if the following holds.
For every tuple of objects (Ai )i∈I and any two tuples of
monomorphisms (ai : Ai → M)i∈I and (a′i : Ai → M ′)i∈I , we have
that

gtp((ai )i∈I ;M) 6= gtp((a′i )i∈I ;M
′)

implies that there is some finite J ⊆ I such that

gtp((ai )i∈J ;M) 6= gtp((a′i )i∈J ;M ′).
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Category-theoretic framework
Dividing for Galois types

Definition

Let Υ be a class function on the cardinals. Let (C,M) be an
AECat with AP and suppose we have monomorphisms a : A→ M,
b : B → M and c : C → M, with M ∈M, where A is
λ-presentable. We say that gtp(a, b, c ;M) does not Υ-divide over
c if for every c-indiscernible sequence (bi : B → N)i<κ, where
κ ≥ Υ(λ), in some N ∈M, such that gtp(b, c ;M) = gtp(bi , c ;N)
for all i < κ, we have some N → N ′ and a′ : A→ N ′ such that
gtp(a, b, c ;M) = gtp(a′, bi , c ;N ′) for all i < κ.

In Mod(T ) and SubMod(T ) this coincides with the classical
notion of dividing.
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Category-theoretic Kim-Pillay
Independence relation

Definition

Let (C,M) be an AECat. An independence relation |̂ on (C,M)
is a relation on triples of subobjects for each M ∈M. When a
triple (A,B,C ) of subobjects of M is in the relation, we denote it
as

A
M
|̂
C

B.

This should be read a “A is independent from B over C”.
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Category-theoretic Kim-Pillay
Independence relation - properties

We can now give a category-theoretic formulation of the properties
such an independence relation can have.

Monotonicity: if A |̂ MC B and B ′ ≤ B, then A |̂ MC B ′.

Base Monotonicity: if A |̂ MC B and C ≤ C ′ ≤ B, then
A |̂ MC ′ B.

Symmetry: A |̂ MC B if and only if B |̂ MC A.

Invariance, Transitivity, Finite Character, Local
Character, Existence, 3-Amalgamation...

Let us call an independence relation that satisfies all of these a
simple independence relation.
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Category-theoretic Kim-Pillay
The theorem

Theorem (K)

Let (C,M) be an < ω-tame AECat with AP. Let |̂ be a simple
independence relation. Then |̂ coincides with Υ-nondividing of
Galois types.

One direction requires the existence of a Ramsey cardinal, but in
most applications we can do without.

Example

Applying this to Mod(T ) or SubMod(T ), this characterises
simple theories. In fact, the application to SubMod(T ) yields the
original Kim-Pillay theorem.
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Category-theoretic Kim-Pillay
Corollary

If we replace 3-amalgamation in a simple independence relation
by Stationarity, then we call it a stable independence relation.

Note that Stationarity =⇒ 3-amalgamation, so every
stable independence relation is a simple independence relation.

Corollary (K)

On an < ω-tame AECat with AP, there can only be one stable /
simple independence relation, and it is given by Υ-nondividing of
Galois types.

This is very close to a result by Lieberman, Vasey and Rosický ([2,
Theorem 9.1]).



Classical Kim-Pillay theorem Category-theoretic framework Category-theoretic Kim-Pillay Example applications

Category-theoretic Kim-Pillay
Corollary

If we replace 3-amalgamation in a simple independence relation
by Stationarity, then we call it a stable independence relation.

Note that Stationarity =⇒ 3-amalgamation, so every
stable independence relation is a simple independence relation.

Corollary (K)

On an < ω-tame AECat with AP, there can only be one stable /
simple independence relation, and it is given by Υ-nondividing of
Galois types.

This is very close to a result by Lieberman, Vasey and Rosický ([2,
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Theorem 9.1]).



Classical Kim-Pillay theorem Category-theoretic framework Category-theoretic Kim-Pillay Example applications

Category-theoretic Kim-Pillay
Corollary

If we replace 3-amalgamation in a simple independence relation
by Stationarity, then we call it a stable independence relation.

Note that Stationarity =⇒ 3-amalgamation, so every
stable independence relation is a simple independence relation.

Corollary (K)

On an < ω-tame AECat with AP, there can only be one stable /
simple independence relation, and it is given by Υ-nondividing of
Galois types.

This is very close to a result by Lieberman, Vasey and Rosický ([2,
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Example applications

Other categories that fit the framework:

For a ∀∃-theory T , we can again form the category
SubMod(T ) of subsets of existentially closed models and let
Mod(T ) be the existentially closed models. Then
(Mod(T ),Mod(T )) and (SubMod(T ),Mod(T )) are
<ω-tame AECats with AP.

The above actually generalises to positive logic.

The category of (subsets of) models with elementary
embeddings in the sense of continuous logic.

In fact, any compact abstract theory (‘cat’) in the sense of
Ben-Yaacov.
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Summary
Thank you for your attention

Classical Kim-Pillay theorem: characterise simple theories by
the independence relation given by nondividing.

Framework: AECats (examples Mod(T ) and SubMod(T )).

Important tool: Galois types.

Crucial property: <ω-tameness.

Independence relation on an AECat.

Category-theoretic version of the Kim-Pillay theorem, and a
corollary for a stable version.

Applications include positive logic, continuous logic and
Ben-Yaacov’s cats.
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