SOME AXIOMS FOR INDEPENDENCE RELATIONS
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INVARIANCE. If ABC = A'B'C" then A | B if and only if A" |, B'.

FINITE CHARACTER. If a |, B for all finite a C A, then A | B.

SYMMETRY. If A | B then B | A

Monotonicity. If A | BD then A |, B.

Base Monotonicity. If A | BD then A |, B.

TrANsITIVITY. If A | o D and B | D then AB |, D.

EXISTENCE. For any C' and A we have A | C.

FULL EXISTENCE. For all A, B and C there exists A’ =¢ A such that A’ J/CB'
EXTENSION. If A |, B, then for all D there exists A" =cp A and A" |, BD.

LocAL CHARACTER. For all finite tuple ¢ and infinite B there exists By C B with
|BQ| < NO and a J/Bo B.

STATIONNARITY over E. If ¢y =g ¢ and ¢ J/E A, co J/E A then ¢ =g4 ca.

STRONG FINITE CHARACTER over E. If A [ . B, then there is a formula ¢(z, b, ) €
tp(A/EB) such that for all ¢/, if @’ = ¢(z, b, €) then o’ { . B.

\L/—AMALGAMATION over I/, If there exists tuples cq, co and sets A, B such that
— Cl =E C2
- ALl}LB
—alpAande | B

then there exists ¢ \LE A, B such that ¢ =4 ¢1, c =p co.

WITNESSING. Let a,b be tuples, .#Z a model and assume that a j///{ b. Then
there exists a formula ¢(x,b) € tp(a/.#b) such that for any .#-indiscernible se-
quence (b;)i<, with by = b such that for all i < w we have b; J,///b<i> the set
{¢(z,b;) | i < w} is inconsistent.
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Definition 0.1. For any a,b (finite or infinite) tuples from M and C' small set in M we
recall the following various ternary relations.
(1) Algebraic independence. a |* b if and only if acl(Ca) Nacl(Cb) = acl(C)
(2) Imaginary algebraic independence. a |%2b if and only if acl®(Ca) N acl®(Cb) =
acl®(C). This relation is defined over subsets of M. We write [*“¢[ M to specify
the restriction to elements of the sort M.
(3) Kim-dividing independence. a \Lng b if and only if tp(a/Cb) does not Kim-divides
over C' if and only if for all global C-invariant extension p of tp(b/C') and sequences
(bi)i<w such that b; = p | Cb; for all i < w, there exists @’ such that a’b; =¢ ab
for all i < w;
(4) Kim-(forking)independence. a LKC b if and only if tp(a/Cb) does not Kim-fork over
C if and only if for any ' D b there exists a’ =¢y, a such that a’ \Lng b
(5) Dividing independence. a Jflcb if and only if ¢tp(a/Cb) does not divide over C' if
and only if for any C-indiscernible sequence (b;);<,, with by = b there exists a’ such
that a’b; =¢ ab for all i < w;
(6) Forking independence. a ch b if and only if tp(a/Cb) does not fork over C' if and
only if for any b D b there exists a’ =¢y, a such that o’ |4 o b
(7) Coheir independence. a [* b if and only if tp(a/Cb) is finitely satisfiable in C.

As usual, we extend these notions to sets by the following: A | o B if and only if for all
enumeration a of A and b of B, then a | .

Fact 0.2. (1) |* satisfies INVARIANCE, MONOTONICITY, TRANSITIVITY, EXISTENCE,
EXTENSION;
(2) ﬁ satisfies INVARIANCE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY;
(3) Jf satisfies INVARIANCE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY
and EXTENSION;
(4) [|* satisfies INVARIANCE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY,
EXTENSION, EXISTENCE over models;

(5) L = L1 M;
6) |“— [ — |2 — % M- |9
(7)) [ — |[Kand | — |Kd
Definition 0.3. Let T be a theory, M a monster for 7" and ¢(x,y) a formula in the language

of T. We say that ¢(z,y) has the 1-strong order property (SOP1) if there exists a tree of
tuple (by)pea<w such that

o for all n € 2% {¢(x,byo | @ < w} is consistent

o for all n € 2<% if 0 Qv then {$(x,b,), ¢(x,b,~1} is inconsistent.
If in any monster model M of T, no formula has SOP1, then the theory is called NSOP;.
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Exercise 0.4. Let | be a relation satisfying SYMMETRY, MONOTONICITY, EXISTENCE
and STRONG FINITE CHARACTER over C. Show that | satisfies FULL EXISTENCE over
models.

Exercise 0.5. Let | be a relation satisfying INVARIANCE and EXTENSION. Show that
A | B implies A |, acl(CB).

Exercise 0.6. Let | be a relation satisfying INVARIANCE, SYMMETRY, TRANSITIVITY
and FULL EXISTENCE. Show that | satisfies EXTENSION.

Exercise 0.7. Let | be arelation satisfying EXISTENCE, MONOTONICITY and EXTENSION.
Show that | satisfies FULL EXISTENCE.




