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Let A be a structure and let B, C be finite substructures of A. If
is an isomorphism B — C, we call it a partial automorphism of A.
If a is an automorphism of A such that f C «, we say that f
extends to a.

Definition

A structure A is homogeneous if every partial automorphism of A
extends to an automorphism of A.
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Example (Countably infinite homogeneous graphs,
Lachlan-Woodrow 1980)

If G is a countably infinite homogenous graph, then G or its
complement G is one of the following:

1. the countable random (Rado) graph,
2. the generic K,-free graph for 3 < n < oo,

3. an equivalence relation with a given number of equivalence
classes of given size.
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Example (Countably infinite homogeneous graphs,
Lachlan-Woodrow 1980)

If G is a countably infinite homogenous graph, then G or its
complement G is one of the following:

1. the countable random (Rado) graph,
2. the generic K,-free graph for 3 < n < oo,

3. an equivalence relation with a given number of equivalence
classes of given size.

Example

The Urysohn metric space, i.e. the homogeneous complete
separable metric space universal for all separable metric spaces.
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Theorem (Hrushovski, 1992)
The class of all finite graphs has EPPA.



Definition (EPPA, extension property for partial
automorphisms, Hrushovski property)

Let B be a structure and let A be its substructure. B is an
EPPA-witness for A if every partial automorphism of A extends to
an automorphism of B.

A class C of finite structures has EPPA if for every A € C there is
B < C, which is an EPPA-witness for A.

Definition

A structure is irreducible if it is not a free amalgamation of its
proper substructures.

B is an irreducible structure faithful EPPA-witness for A if it is an
EPPA-witness for A and moreover for every irreducible C C B
there is an automorphism a € Aut(B) such that a(C) C A.
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Fact

If C has EPPA (and JEP), then it is the class of all finite structures
which embed to a homogeneous structure (its age).

Remark

EPPA <= the (topological) automorphism group of the
corresponding homogeneous structure can be written as the closure
of a chain of proper compact subgroups.

Moreover, EPPA implies amenability and it is key in proving ample
genericity, the small index property etc.
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Theorem (Hubitka—K—NeZettil 2019)

Let L be a language where all functions are unary, n > 1, A a finite
irreducible L-structure and Byg its irreducible structure faithful
EPPA-witness. There is a finite L-structure B such that B is an
EPPA-witness for A, and

1. there is a projection (homomorphism-embedding) B — By,

2. for every B’ C B on at most n vertices, there is a tree
amalgamation T of copies of A and a
homomorphism-embedding B’ — T, and

3. B is irreducible structure faithful.
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Definition
A homomorphism-embedding is a homomorphism which is an
embedding when restricted to any irreducible substructure.



Theorem (Hubi¢ka—K-Ne3ettil 2019)

Let L be a language where all functions are unary, n > 1, A a finite
irreducible L-structure and Byg its irreducible structure faithful
EPPA-witness. There is a finite L-structure B such that B is an
EPPA-witness for A, and

1. there is a projection (homomorphism-embedding) B — By,

2. for every B’ C B on at most n vertices, there is a tree
amalgamation T of copies of A and a
homomorphism-embedding B’ — T, and
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Theorem (Hubi¢ka—K—NeZet¥il 2019 (Base theorem))

Let L be a language where all functions are unary and let A be a
finite L-structure. Then there is a finite L-structure B which is an
irreducible structure faithful EPPA-winess for A.
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amalgamation T of copies of A and a homomorphism-embedding

B —T.
7

» B an EPPA-witness for A.
» Want a metric space C s.t.

the identity is a 1

hom.-embedding B — C
» and Aut(B) = Aut(C). 3

B °
Fact
This is possible if and only if B contains no non-metric cycles.
4 -
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Proof structure

1. Vertices of B have a projection to By and some opinion, i.e.,
they are pairs (v, f), where v € By and f is the opinion.

2. Relevant automorphisms of B are given by an automorphism
of Bg and by changes of opinions.

3. lterate this idea many times.
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Remarks

1. Strengthening of a theorem of Herwig and Lascar from 2000.

2. In fact more general:
» Functions go to subsets of the vertex set.
» One can permute the language.

.= (L,T), T'is a permutation group on L preserving types of

symbols and arities.
For I -structures A, B, an embedding is a pair f = (fa, 1), such

that
1. f €I and f4 is a function A — B,
2. for every R € Ly it holds that 2 € Ra <= fa(a) € f.(R)s,

3. for every F € Lz it holds that fa(Fa(3)) = fL(F)s(fa(a)).



Examples of classes with EPPA

» All finite graphs and K,-free graphs (Hrushovski 1992, Herwig
1998).

» Metric spaces with distances from R, Q or N (Solecki 2005,
Vershik 2005, Hubitka—K—-NeZet¥il 2018).

» Finite structures in a given relational language. (Herwig
1998).

» Relational free amalgamation classes. (Hodkinson-Otto
2003).

» Generalised metric spaces with distances from a
semi-archimedean monoid (Conant 2015).

» Metrically homogeneous graphs (Cherlin 2011;
AB-WHHKKKP 2017, K 2018).

» Certain classes omitting homomorphisms. (Herwig—Lascar
2000).



Examples of classes with EPPA the Ramsey property

>

>
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All finite ordered graphs and K,-free graphs (Nesetfil-Rad|
1977).

Ordered metric spaces with distances from R, Q or N
(Neset¥il 2005).

Ordered finite structures in a given relational language.
(Neset¥il-Raod| 1977).

Ordered relational free amalgamation classes. (Nesetfil-Radl
1977).

Convexly ordered generalised metric spaces with distances
from a semi-archimedean monoid (Hubitka—K—-Nesetfil 2017).

Ordered metrically homogeneous graphs (Cherlin 2011;
AB-WHHKKKP 2017, K 2018).

Certain ordered classes omitting homomorphisms. (NeZet¥il
2008).
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Thinks which shouldn’t be open but are.

Question
Does the class of all finite tournaments have EPPA?

Question Thank yOU!

Does the class of all L-structures for L consisting of one binary
function have EPPA?

Question (AnSWEFS?)

Does the reduct of the random graph adding an isomorphism
between itself and its complement have EPPA?



@ David M. Evans, Jan Hubi¢ka, Mat&j Koneény, and Jaroslav
Neset¥il.
EPPA for two-graphs and antipodal metric spaces.
Proceedings of the American Mathematical Society, 2019.
In print, arXiv:1812.11157.

@ Jan Hubi¢ka, Matéj Kone¢ny, and Jaroslav NesetFil.
All those EPPA classes (strengthenings of the Herwig-Lascar
theorem).
arXiv:1902.03855, 2019.

[d Jan Hubi¢ka, Mat&j Kone¢ny, and Jaroslav Nezetfil.
A combinatorial proof of the extension property for partial
isometries.
Commentationes Mathematicae Universitatis Carolinae,
60(1):39-47, 2019.



EPPA for graphs

Theorem (Hrushovski 1992)

The class of all finite graphs has EPPA. Namely, for every graph G
there is a graph H containing G as an induced subgraph such that
every partial automorphism of G extends to an automorphism of H.
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Fix G. Define graph H:

@ The set G with no
structure is homogeneous.

» Vertices of H are pairs
(v,f), where v € G and
f: G\ {v} —{0,1},

> {(i,f),(,f")} € E(H), if
and only if i # i’ and
() # (7).

» Embed G — H sending
v i— (v, f) with f having
nonzero opinion about its
smaller neighbours.

For u,v € G, we define a flip F, ,((w, f)) = (w, f’'), where

f'(x) = {;(X)f(x)

if {w,x}={u,v}
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Fix A. Define B:
1. For simplicity, ignore multiplicities in tuples in relations.

2. Vertices of B are all tuples (v, fR: R € Lg), where v € A and
for every R € Ly of arity a, R is a function from all a-tuples
of vertices of A containing a to {0,1}.

3. We put ((vi, ff: R€LR),...,(va, fR:R€Lg)) €RBifR
has arity a and

a

SR (v, .., va)) s odd.

i=1

4. Note that permutations of A, permutations of L from I and
analogues of flips give automorphisms of B.
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4. Note that permutations of A, permutations of L from I and
analogues of flips give automorphisms of B.

5. Embed A — B sending v — (v, R : R € L), where
fR(w) = 1if and only if W € Ra and v is the first vertex of w.



