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The Cherlin-Zilber Conjecture

The Cherlin-Zilber Conjecture (C-Z)

Simple infinite groups of fRM are (linear) algebraic groups over a.c
fields.

@ One of the main open problems in the theory of w-stable groups of
fRM.

@ The conjecture holds for groups of RM 3. (o. Frecon, 201)
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The Borovik Programme
The most successful strategy (so-far) to approach the (C-Z) is the one

suggested by A.V. Borovik: “prove the analogue of the celebrated
CFSG’s in the context of groups of fRM”.
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The Borovik Programme

The most successful strategy (so-far) to approach the (C-Z) is the one
suggested by A.V. Borovik: “prove the analogue of the celebrated
CFSG’s in the context of groups of fRM”.

The CFSG/

Every finite simple group is isomorphic to one of the following
@ Cyclic group of prime order;

@ Alternating group Alt,, for n > 5;
@ Group of Lie type over a finite field;

@ One of the 26 sporadic groups.
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The Borovik Programme

The most successful strategy (so-far) to approach the (C-Z) is the one
suggested by A.V. Borovik: “prove the analogue of the celebrated
CFSG’s in the context of groups of fRM”.

The CFSG/ fRM analogue
Every finite simple group is isomorphic to one of the following

@ Cyclic group of prime order; The only infinite cyclic group, Z , is
not of fRM.

@ Alternating group Alt,, for n > 5; Altx on infinite sets X are not of
fRM (they have IP so they are not even stable).

@ Group of Lie type over a finite field; No definable “twists” of fields
of fRM.

@ One of the 26 sporadic groups. Hope: infiniteness will smooth out
sporadics.
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The Borovik Programme

The most successful strategy (so-far) to approach the (C-Z) is the one
suggested by A.V. Borovik: “prove the analogue of the celebrated
CFSG’s in the context of groups of fRM”.

The CFSG/ fRM analogue
Every finite simple group is isomorphic to one of the following

@ Cyclic group of prime order; The only infinite cyclic group, Z , is
not of fRM.

@ Alternating group Alt,, for n > 5; Altx on infinite sets X are not of
fRM (they have IP so they are not even stable).

@ Group of Lie type over a finite field; No definable “twists” of fields
of fRM.

@ One of the 26 sporadic groups. Hope: infiniteness will smooth out
sporadics.

This would leave us with Chevalley groups over a.c fields.
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Definition
A Sylow 2-subgroup of a group G is a maximal 2-subgroup. J
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Definition
A Sylow 2-subgroup of a group G is a maximal 2-subgroup. J

If Gis of fRM, then a Sylow 2-subgroup S of G has a well-defined
notion of a connected component; S° = SN dcl(S)°.
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Definition
A Sylow 2-subgroup of a group G is a maximal 2-subgroup. }

If Gis of fRM, then a Sylow 2-subgroup S of G has a well-defined
notion of a connected component; S° = SN dcl(S)°.

Definition
Let G be an infinite simple group of fRM and S be a Sylow 2-subgroup
of G. Then Gis

@ of even type if S° # 1 is 2-unipotent, i.e., nilpotent and of bounded
exponent.

@ of odd type if S° # 1 is 2-torus, i.e., divisible abelian.

@ of degenerated typeif S° =1, i.e., Sis finite.
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Definition
A Sylow 2-subgroup of a group G is a maximal 2-subgroup. J

If Gis of fRM, then a Sylow 2-subgroup S of G has a well-defined
notion of a connected component; S° = SN dcl(S)°.

Definition /Theorem (Altinel, Borovik and Cherlin 2008)

Let G be an infinite simple group of fRM and S be a Sylow 2-subgroup
of G. Then Gis

@ of even type if S° # 1 is 2-unipotent, i.e., nilpotent and of bounded
exponent. In this case G is an algebraic group over over an a.c
field K of char 2.

@ of odd type if S° # 1 is 2-torus, i.e., divisible abelian.

@ of degenerated typeif S° =1, i.e., Sis finite.
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Definition
A Sylow 2-subgroup of a group G is a maximal 2-subgroup. }

If Gis of fRM, then a Sylow 2-subgroup S of G has a well-defined
notion of a connected component; S° = SN dcl(S)°.

Definition /Theorem (Altinel, Borovik and Cherlin 2008)

Let G be an infinite simple group of fRM and S be a Sylow 2-subgroup
of G. Then Gis

@ of even type if S° # 1 is 2-unipotent, i.e., nilpotent and of bounded
exponent. In this case G is an algebraic group over over an a.c
field K of char 2.

@ of odd type if S° # 1 is 2-torus, i.e., divisible abelian. Odd type
conjecture; In this case G is an algebraic group over an a.c field K
of char # 2.

@ of degenerated type if S° =1, i.e., Sis finite.
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Definition
A Sylow 2-subgroup of a group G is a maximal 2-subgroup. }

If Gis of fRM, then a Sylow 2-subgroup S of G has a well-defined
notion of a connected component; S° = SN dcl(S)°.

Definition /Theorem (Altinel, Borovik and Cherlin 2008)

Let G be an infinite simple group of fRM and S be a Sylow 2-subgroup
of G. Then Gis

@ of even type if S° # 1 is 2-unipotent, i.e., nilpotent and of bounded
exponent. In this case G is an algebraic group over over an a.c
field K of char 2.

@ of odd type if S° # 1 is 2-torus, i.e., divisible abelian. Odd type
conjecture; In this case G is an algebraic group over an a.c field K
of char # 2.

@ of degenerated type if S° =1, i.e., Siis finite. In this case G
provides an immediate counter-example to the (C-Z).

v
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The Principal Conjecture

Definition

An infinite structure is called pseudofinite if every first-order sentence
true in it also holds in some finite structure or, equivalently, if it is
elementarily equivalent to an ultraproduct of finite structures.
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The Principal Conjecture

Definition

An infinite structure is called pseudofinite if every first-order sentence
true in it also holds in some finite structure or, equivalently, if it is
elementarily equivalent to an ultraproduct of finite structures.

@ The fixed points of a generic automorphism of an a.c field is
known to be a pseudofinite field.ia. macintyre 19971
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The Principal Conjecture

Definition

An infinite structure is called pseudofinite if every first-order sentence
true in it also holds in some finite structure or, equivalently, if it is
elementarily equivalent to an ultraproduct of finite structures.

@ The fixed points of a generic automorphism of an a.c field is
known to be a pseudofinite field.a. macintyre 1997]

@ The fixed points of generic automorphisms of the structures with
certain nice properties are pseudo-algebraically closed with
Galois groups Z. Further, any fixed points subgroup arising this
way admits certain kind of a measure.(e. Hrushovski 2005]
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The Principal Conjecture

Definition

An infinite structure is called pseudofinite if every first-order sentence
true in it also holds in some finite structure or, equivalently, if it is
elementarily equivalent to an ultraproduct of finite structures.

@ The fixed points of a generic automorphism of an a.c field is
known to be a pseudofinite field.a. macintyre 1997]

@ The fixed points of generic automorphisms of the structures with
certain nice properties are pseudo-algebraically closed with
Galois groups Z. Further, any fixed points subgroup arising this
way admits certain kind of a measure.(e. Hrushovski 2005]

The Principal Conjecture (Hrushovski 2005/Ugurlu 2009)
Let G be an infinite simple group of fRM with a generic automorphism
a. Then Cg(«) is pseudofinite.
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The Cherlin-Zilber Conjecture versus the Principal
Conjecture

The Cherlin-Zilber Conjecture (C-Z)

An infinite simple group of fRM is an algebraic group over an a.c field.

v

The Principal Conjecture (PC)

Let G be an infinite simple group of fRM with a generic automorphism
a. Then Cg(«) is pseudofinite.
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The Cherlin-Zilber Conjecture versus the Principal
Conjecture

The Cherlin-Zilber Conjecture (C-Z)
An infinite simple group of fRM is an algebraic group over an a.c field.

v

The Principal Conjecture (PC)

Let G be an infinite simple group of fRM with a generic automorphism
a. Then Cg(«) is pseudofinite.

If the (C-2Z) is true, then a pair (G, o) can be constructed as an
ultraproduct of simple algebraic groups over fields of positive

characteristics enriched by Frobenius automorphisms of underlying
fields.

@ (C-2) = (PC). 1z chatzidkis and E. Hrushovski 1999]
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The Cherlin-Zilber Conjecture versus the Principal
Conjecture

The Cherlin-Zilber Conjecture (C-Z)
An infinite simple group of fRM is an algebraic group over an a.c field.

v

The Principal Conjecture (PC)

Let G be an infinite simple group of fRM with a generic automorphism
a. Then Cg(«) is pseudofinite.

If the (C-2Z) is true, then a pair (G, o) can be constructed as an
ultraproduct of simple algebraic groups over fields of positive

characteristics enriched by Frobenius automorphisms of underlying
fields.

@ (C-2) = (PC). 1z chatzidkis and E. Hrushovski 1999]

The main aim of the Hrushovski Programme for infinite simple groups
of finite Morley rank is to prove that (C-Z) < (PC).
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The Hrushovski Programme — a tight automorphism

Definition (Ugurlu 2009)

An automorphism « of an infinite simple group of fRM G is called tight

if, for any connected definable and a-invariant subgroup H of G, the
following hold:

(i) del(Cy(ar)) = H, and;
(i) Cy(«) is pseudofinite.

Ulla Karhumaki
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Example (Ugurlu 2009)

Let G be a simple algebraic group of adjoint type (e.g., PSL,) defined
over the prime subfield of the a.c field K = [, Fp,/U. Let a be a
non-standard Frobenius automorphism of K, that is,

o= H(bp;/U,

piEl

where ¢,, is the standard Frobenius map x — x”:.

v
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Example (Ugurlu 2009)

Let G be a simple algebraic group of adjoint type (e.g., PSL,) defined
over the prime subfield of the a.c field K = [, Fp,/U. Let a be a
non-standard Frobenius automorphism of K, that is,

o= H(bp//U,

piEl

where ¢,, is the standard Frobenius map x — x”:.
Then, we have Cg(a) = G(Fixk(«)), where Fixx(a) =[],/ Fp,/U. By
L6s’s Theorem,

Ca(a) = G(H]FPI./U) = H G(Fp,) /U,

pi€l pi€l

and so, Cg(«) is pseudofinite.
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Example (Ugurlu 2009)

Let G be a simple algebraic group of adjoint type (e.g., PSL,) defined
over the prime subfield of the a.c field K = Hpie,?p,/u. Let a be a
non-standard Frobenius automorphism of K, that is,

o= H ¢p,‘/u7

pi€l

where ¢,, is the standard Frobenius map x — x”:.
Then, we have Cg(a) = G(Fixk(a)), where Fixx(a) = [ [, ¢/ Fp,/U. By
Los’s Theorem,

Ca(a) = G(HFP/'/U) = H G(Fp,) /U,

pi€l pi€l

and so, Cg(«) is pseudofinite. Further, Cy(a) = H(k), where k is a
pseudofinite field. Since H is connected, Cy(«) is Zariski dense in H.
Moreover, since definable closure of Cy(«) is Zariski closed, we have
dcl(Cp(a)) = H.
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The Hrushovski Programme — results of Ugurlu

Theorem (Ugurlu 2009)

Let G be an infinite simple group of fRM and « be a tight automorphism
of G. Then there is a definable normal subgroup S of Cg(«) such that

S 1 Cg(a) < Aut(S),

where S is isomorphic to a Chevalley or a twisted Chevalley group over
a pseudofinite field.

v
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The Hrushovski Programme — results of Ugurlu

Theorem (Ugurlu 2009)

Let G be an infinite simple group of fRM and « be a tight automorphism

of G. Then there is a definable normal subgroup S of Cg(«) such that
S < Cg(a) < Aut(S),

where S is isomorphic to a Chevalley or a twisted Chevalley group over
a pseudofinite field.

v

Theorem (Ugurlu 2009)

Let G be an infinite simple group of fRM, « be a tight automorphism of
G and N a non-trivial normal subgroup of Cg(«). Then, dcl(N) = G.
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The Hrushovski Programme for infinite simple groups
of fRM

Let G be an infinite simple group of fRM.
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The Hrushovski Programme for infinite simple groups
of fRM

Let G be an infinite simple group of fRM.

Step 1. Prove that G has a generic automorphism «.
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The Hrushovski Programme for infinite simple groups
of fRM

Let G be an infinite simple group of fRM.

Step 1. Prove that G has a generic automorphism «.

Step 2. Prove that « is tight.
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The Hrushovski Programme for infinite simple groups
of fRM

Let G be an infinite simple group of fRM.

Step 1. Prove that G has a generic automorphism «.
Step 2. Prove that « is tight.

Step 3. In that case, Cg(«) is known by the result of Ugurlu; prove that
this forces G to be a Chevalley group over an a.c field.
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The Hrushovski Programme for infinite simple groups
of fRM

Let G be an infinite simple group of fRM.

Step 1. Prove that G has a generic automorphism a.
Step 2. Prove that « is tight.

Step 3. In that case, Cg(«) is known by the result of Ugurlu; prove that
this forces G to be a Chevalley group over an a.c field.

Note that proofs of Steps 2. and 3. of the Hrushovski Programme
would imply that (C-Z) < (PC).
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Step. 3 of The Hrushovski Programme

Lemma (Khukhro/Ugurlu 2009)

Infinite simple group of degenerated type (S° = 1) cannot admit a tight
automorphism.

Ulla Karhumaki Small groups of finite Morley rank admitting a tight automorphism 08.01.2020 12/21



Step. 3 of The Hrushovski Programme

Lemma (Khukhro/Ugurlu 2009)

Infinite simple group of degenerated type (S° = 1) cannot admit a tight
automorphism.

As a corollary of lemma above we may re-formulate Step 3. of the
Hrushovski Programme as follows.

Step 3'. Prove that if G is an infinite simple group of fRM of odd type
with a tight automorphism « then G is a Chevalley group over
an a.c field of characteristic # 2.
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Step. 3 of The Hrushovski Programme

A group isomorphic to Z(2°) = {x € C : x*" = 1 forsome n € N} is
called a Priifer 2-group. The largest such k that Z(2>)% embeds into
G is called the Priifer 2-rank of G and is denoted by pr,(G).
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Step. 3 of The Hrushovski Programme

A group isomorphic to Z(2°) = {x € C : x>" = 1 forsome n € N} is
called a Priifer 2-group. The largest such k that Z(2>)% embeds into
G is called the Priifer 2-rank of G and is denoted by pr,(G).

Step 3. Conjecture

Let G be an infinite simple group of fRM with a tight automorphism «.
Assume further that

(i) pro(G) = 1. Then G is isomorphic to PSL,(K), where K is an a.c
field of characteristic # 2.

(i) pro(G) = 2. Then G is isomorphic to one of the Chevalley groups
Ao, B> or G, over an a.c field of characteristic £ 2.

(iii) pro(G) = 3. Then G is isomorphic to a Chevalley group over an
a.c field of characteristic # 2.

Ulla Karhumaki

Small groups of finite Morley rank admitting a tight automorphism 08.01.2020 13/21




Table of Contents

© The result

Ulla Karhumaki Small groups of finite Morley rank admitting a tight automorphism



The main theorem

Theorem A (Karhumaki and Ugurlu 2019+)

Let G be an infinite simple group of fRM with a tight automorphism «.

Assume further that pry(G) = 1. Then G = PSL,(K) for some a.c field
K of characteristic # 2.

Ulla Karhumaki
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Delahan-Nesin Identification Theorem

Definition

A group B is called a Frobenius group if it has a proper non-trivial
subgroup T (a Frobenius complement) such that T N T = 1 for all
be B\T. If B= U x T for some normal subgroup U of B, then B is
called a split Frobenius goup with a Frobenius kernel U.
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Delahan-Nesin Identification Theorem

Definition
A group B is called a Frobenius group if it has a proper non-trivial
subgroup T (a Frobenius complement) such that TN T = 1 for all

be B\T. If B= U x T for some normal subgroup U of B, then B is
called a split Frobenius goup with a Frobenius kernel U.

Definition

A 2-transitive permutation group (G, X) is called a Zassenhaus group if
Gixy,zy = 1. Further, G is called a split Zassenhaus group if Gy, is a
split Frobenius group, that is, AN < Gy s.t. Gy = N x Gy -
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Delahan-Nesin Identification Theorem

Definition

A group B is called a Frobenius group if it has a proper non-trivial
subgroup T (a Frobenius complement) such that TN T = 1 for all
be B\T. If B= U x T for some normal subgroup U of B, then B is
called a split Frobenius goup with a Frobenius kernel U.

Definition

A 2-transitive permutation group (G, X) is called a Zassenhaus group if
Gixy,zy = 1. Further, G is called a split Zassenhaus group if Gy, is a
split Frobenius group, that is, AN < Gy s.t. Gy = N x Gy -

Theorem (Delahan and Nesin 1995)

Let G be an infinite split Zassenhaus group of fRM. If Gy, ,, contains
an involution, then G = PSL,(K) for some a.c field K of char # 2.

v
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Set-up

From now on, let
@ G satisfy the assumptions of Theorem A.
@ X denote the definable closure dcl(X) of any subset X C G.
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Set-up

From now on, let

@ G satisfy the assumptions of Theorem A.

@ X denote the definable closure dcl(X) of any subset X C G.
By results of Ugurlu,

@ Cg(«) has a definable normal subgroup S = PSLy(F), where F is
a pseudofinite field of odd characteristic.

@ Cg(a) embeds in Aut(S).
e S=G.
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The structure of S = PSLy(F)

From now on, let B, T and U denote the Borel subgroup, maximal
torus and unipotent subgroup of S respectively. The structure of Sis
well-known, in particular we know the following.

@ Sis a split Zassenhaus group with a one-point stabiliser
B = U x T and a two-point stabiliser T.

© T contains a unique involution i which inverts U.

©Q Aut(S) = Inn(S)Diag(S) x Aut(F), where Inn(S) = S,
Inn(S)Diag(S) = PGLy(F). Hence, Aut(S) = PGLy(F) x Aut(F).
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The structure of S = PSLy(F)

From now on, let B, T and U denote the Borel subgroup, maximal
torus and unipotent subgroup of S respectively. The structure of Sis
well-known, in particular we know the following.

@ Sis a split Zassenhaus group with a one-point stabiliser
B = U x T and a two-point stabiliser T.
© T contains a unique involution i which inverts U.
©Q Aut(S) = Inn(S)Diag(S) x Aut(F), where Inn(S) = S,
Inn(S)Diag(S) = PGLy(F). Hence, Aut(S) = PGL,(F) x Aut(F).
To prove Theorem A, it suffices to prove that G is a split Zassenhaus

group with a one-point stabiliser B and a two-point stabiliser T. Then,
the Delahan-Nesin Identification Theorem proves Theorem A.
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Skeleton of the proof

The two main things to prove are:
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Skeleton of the proof

The two main things to prove are:
@ B=UxT>=KT' x K*, where K is an a.c field, and,
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Skeleton of the proof

The two main things to prove are:

@ B=UxT>=KT' x K*, where K is an a.c field, and,

@ G = BU UwyB, where wy is the involution generating the Weyl
group Ng(T)/T of S.
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Skeleton of the proof

The two main things to prove are:

@ B=UxT>=KT' x K*, where K is an a.c field, and,

@ G = BU UwyB, where wy is the involution generating the Weyl
group Ng(T)/T of S.

Then, one can easily observe that
@ The action of G by left multiplication on G/B is 2-transitive,
@ A stabiliser of two distinct points Gy, ,; = BN B® =T, and,
@ A stabiliser of three distinct points Gy, -} = 1.
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THANK YOU!
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