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McKV-SDEs

Let (Q, F,P) and (W:)ecpo, 7 be an R%-valued Wiener process. For t > 0, the
McKean—Vlasov equation (McKV-SDE)

t t
Xt =¢+ / b(X7¢, Z2(X%)) dr + / o(X75, L(X%) dW,,  te s, T],

s
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McKV-SDEs

Let (Q, F,P) and (W:)ecpo, 7 be an R%-valued Wiener process. For t > 0, the
McKean—Vlasov equation (McKV-SDE)

t t
Xt =¢+ / b(X7¢, Z2(X%)) dr + / o(X75, L(X%) dW,,  te s, T],

For p: := Z(X:¢) we have, for t € /,

t
{1t @) = (po, ) +/ <us,b(s, -, 1s)Oxp + 5tr(o0”)(s, ~,us)8f<p> ds Vo € G(RY).
0
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Particle approximation

McKean-Vlasov SDE can be derived as a limit of interacting diffusions:

Yl =&+ [ b(Y,”"’,pf’) dr+f0ta<Y,i’N,pL£V) dWi, 1<i<N, teclo,T],
poo=g JI'V:I 6Y{’N

where W' and &, 1< i <N, are iid.
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o Propagation of chaos says: for any k < N, Z(Y'N ... Y*N) = [TX, £(X') when
N — oo.
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Particle approximation

McKean-Vlasov SDE can be derived as a limit of interacting diffusions:

it o=6+y b(YJ’”,urN> dr+fJo(Y/’”,u,”) dw/, 1<i<N, te[o,T],

N 1 N .
Mt =N j=1 6Y{’N

where W' and &,, 1 < i < N, are iid.

o Propagation of chaos says: for any k < N, (YN ... ykN) = Hf—;l 2(X") when
N — oco.

@ "Strong” propagation of chaos ||Y;’N — X5 |2 < N7Y2 ) where
Xi=¢+ [ b2 drt [ ol 2(xX) W]

@ Not trivial result (no dependence on the dimension) with general measure
dependence.

@ [Sznitman, 1991],[Méléard, 1996], [Bossy et al., 1996],[Antonelli et al., 2002],
[Jourdain and Méléard, 1998]...
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Towards Weak expansion

Let & : P(R?) — R. Consider weak error

®(Z(X7*)) — E[®(u7)]],
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Towards Weak expansion

Let & : P(R?) — R. Consider weak error

®(Z(X7*)) — E[®(u7)]],

o It is well understood that study of the weak error relies on PDE theory
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Towards Weak expansion

Let & : P(R?) — R. Consider weak error
®(Z(X7*)) — E[®(u7)]],
o It is well understood that study of the weak error relies on PDE theory

Define
V(s, p) 1= ®(L(X3")), for (s,n) € [0, T] x Po(RY),

One can show that [Chassagneux et al., 2014][Buckdahn et al., 2017]

{asV(% 1) + Jra [0V (s, ) (¥)b(y, 1) + 5tr (8.0, V(s, 1) (v)aly, )] u(dy) = 0,
V(T, p) = o(u),

where a = (ajx)1<ik<d : RY x P2(RY) — R? @ R? denotes the diffusion operator

aik(x, 1) Za,,J(x woki(x,p),  ¥xeRY Ve Pa(RY).

Jj=1
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Measure derivative, due to Lions [Cardaliaguet, 2013]
Given u : P — R consider

i) an atomless, Polish probability space (€2, F,P),

i) X € L}Q)st. u=2(X),

i) U:L*(Q) — R given by U(X) := u(Z(X)) - "lift of u".
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Measure derivative, due to Lions [Cardaliaguet, 2013]
Given u : P — R consider

i) an atomless, Polish probability space (2, F,P),

i) X eLl?(Q) st u=2(X),

i) U:L*(Q) — R given by U(X) := u(Z(X)) - "lift of u".

Definition (L-Derivative)
The function u is L-differentiable at y if its lift U is Frechet differentiable at X.
Recall that this means that there is a bounded linear operator A : L?(Q) — R s.t.

i [UXEY) —UX) AY|

- _|=o0.
|Y]|2—0 |Y|2 ‘Y|2

The bounded linear operator defines DU(X) € L*(Q)* which is identified with L?(Q) via
(X,Y)=E[XY].
@ It can be shown that Lions derivative does not depend on the choice of the lift nor
probability space on which lift is defined.
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Measure derivative, due to Lions [Cardaliaguet, 2013]
Given u : P — R consider

i) an atomless, Polish probability space (2, F,P),

i) X € L}Q)st. u=2(X),

i) U:L*(Q) — R given by U(X) := u(Z(X)) - "lift of u".

Definition (L-Derivative)
The function u is L-differentiable at y if its lift U is Frechet differentiable at X.
Recall that this means that there is a bounded linear operator A : L?(Q) — R s.t.

i [UXEY) —UX) AY|

- _|=o0.
|Y]|2—0 |Y|2 ‘Y|2

The bounded linear operator defines DU(X) € L*(Q)* which is identified with L?(Q) via
(X,Y) =E[XY].
@ It can be shown that Lions derivative does not depend on the choice of the lift nor
probability space on which lift is defined.
@ Close links to Otto calculus in the theory of gradient flows [Ambrosio et al., 2008]
@ See also Semigroup on P [Kolokoltsov, 2010], [Mischler et al., 2015] and
[Del Moral et al., 2011]
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Example: u(p) = [oq f(x) pu(dx) = (i, f), with f € C* and |V, f(x)| < C(1+ |x|).
The lift U(X) = E[f(X)]. We can check that DU(X) = V,f(X):

UX + Y) = UX) + /IIE[VXf(X +AY)Y]dA.

Then

\YI UX+Y)—UX) - ]E[fo(X)Y]’
< standard estimates

Y+ |Yy?+ sup E[X2La] | —0 as |Y]» — 0.
P(A)<IY]2
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Example: u(p) = [oq f(x) pu(dx) = (i, f), with f € C* and |V, f(x)| < C(1+ |x|).
The lift U(X) = E[f(X)]. We can check that DU(X) = V,f(X):

UX + Y) = UX) + /IIE[VXf(X +AY)Y]dA.
Then

UX+Y) = UX) —E[V.f(X)Y] ’

\YI

< standard estimates

Y+ |Yy?+ sup E[X2La] | —0 as |Y]» — 0.
P(A)<IY]2

So d,v(p) = Vif
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Higher order L-derivatives

First derivative of v : P, — R is a mapping J,v : P> X R?Y — R?

o F = = £ DA
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Higher order L-derivatives

First derivative of v : P, — R is a mapping J,v : P> X RY - RY
Fix p € Pa. If 8uv(,-) : R? — R is differentiable at some y € R we write 8,9, v(u, y).
So

y0uv i Py x RY - R x R?.
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Higher order L-derivatives

First derivative of v : P, — R is a mapping J,v : P> X RY - RY
Fix p € Pa. If 8uv(,-) : R? — R is differentiable at some y € R we write 8,9, v(u, y).
So

y0uv i Py x RY - R x R?.

Fix y € R%. If 9,v(-,y) : P2 — R is L-differentiable at ;1 € P, then we get (above
proposition) a ¥ : P2 X R? — RY and we have

Ov:Pr xR xR - R x RY.
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Define

L-derivatives for empirical measures
Let u: P> — R. Let u € P> be given.
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L-derivatives for empirical measures

Let u: P> — R. Let u € P> be given.
Define

Proposition

If v is L-differentiable at yi then for any N € N this v" is differentiable and

B, ..., xY) = %(Buu) (/{/ Zw) (x).
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L-derivatives for empirical measures

Let u: P> — R. Let u € P> be given.
Define

Proposition

If v is L-differentiable at y then for any N € N this v"
N

1

M2
=1

D (Xt XN = %(Buu) (

DoV (X, x™)

1
= Nay

is differentiable and

00 ) (x¥)

If u is twice L-differentiable at 1 then for any N € N this u™

) (/i/ ; 5xz>] (VS + %((ﬁu) (

is twice differentiable and

1)

Lukasz Szpruch (University of Edinburgh) McKV-SDEs

8/20



Proof of the expansion

We observe that

o By the terminal condition for the PDE, we notice that ®(uY) = V(T, u¥).
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Proof of the expansion

We observe that

o By the terminal condition for the PDE, we notice that ®(uY) = V(T, u¥).

@ Therefore, the weak error decomposes as

®(u7) — S(L(X7*))
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Proof of the expansion

V(T, 1) = V(0, 1g) = [V(T, Y5) — v(0,Y¢)]

N
Xi ’
ov
/ S 2 (s YN o (VI iy aw
o I Oxi

[T S+ 30 S s v (v )+ S (a(V ) ZNf‘aa—svs)) ]
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Proof of the expansion

W(T, u% —V(0, 1g) = [V(T, v¥) - V(0,Yg)]

iN N 1 iN N *v
=/ 8 sYS)+Z )b (Y, ,us)+§tr<a(Ys ’“)Zaz(sy ))ds}

AN
+/0§a

= /T sV (s, ,LL_:V) + / 0,V (s, uiv)(y)b(y, uiv) + ltr(a(y, uf)@v(’)uv(s, uf)(y)) Miv(dy) ds

Do (YN, ul)dw]

/ / tr( (v Y2V (s, ul) vy )us (d}/)dS+Z =0,V (s, ) (Yo (Y, ulyaw]
i=1
But recall that

BsV(S,u)+/md [0, V(s, 1) (¥)bly, 1) + %tr(avauV(S»u)(y)a(% 1)) n(dy) = 0.
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Proof of the expansion

Hence

Ed(uf) — o(2(X24))

E(V(0, ug) — V(0, g))

1 T Ny 52 N N
+— E Is] dy)d:
2N/0 /]Rd tr(a(y7 [Ls) MV(s7 /45)(y,y)>;45( ly)ds
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Proof of the expansion

Hence

Ed(uf) — o(2(X24))

E(V(0, ug) — V(0, g))

1 T Ny 52 N N
+— E Is] dy)d:
2N/0 /Rd tr(a(y7 [As) MV(s7 s )(y,y))us( ly)ds

@ Strong variant of propagation of chaos also possible for E|d () — <D($(X7°.‘5))|
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Proof of the expansion

Hence
Eb(u}) — (L(XF) = E(V(0, 1) — VIO, 1))

107 Ny 52 N N
+W/0 IE/Rd tr(a(%#s)GMV(&HS)(%}’))HS (dy)ds

@ Strong variant of propagation of chaos also possible for E|d () — ¢($(X.?.‘§))\

This gives the decomposition

Bo(u) — o(Z(XE6) = B0, al) ~ VO, Z() +

N
+/0T % (EH ;tr(a(Y;’N,ugl)BiV(s, pp) (YO, Y;’N))]
—]E[tr(a(Xso‘g,f(Xso’g))BiV(s,.,?(XSO‘E))(XS‘E,XS‘g))]> ds.

@ Constant C; does not depend on N!
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Higher order terms

o Let VI =V
@ For each m € {2,.
pim

t2,..

yk}and 0 < tp <
[0, tm] X Pz(Rd) — R by

tm (s,p) = ¢g’:)

where <l>(t:?_‘,tm : P2(RY) — R is given by

o) = [
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Theorem (Weak error expansion)

Assume coefficients of the SDE are C?*. Furthermore, suppose that, for each m € {1,...,k} and
0<th <...<tt<T, Vt(m)m .tm 1S @ unique classical solution to PDE

o vQ, o (S0 1)+ Jea [0,V (5, 1) ()b0x, 1) + 32r(8,0, V5, (s, m)(x)alx, 1))] u(dx) =0,
L rm(tm, p) =0 ().

Then the weak error in the particle approximation can be expressed as

BLO()] - §LXT) = BV, - VO, 2(©) + 1+ + ot + 0 )+

where Cy, ..., Cx_1 are constants that depend on ®, b, o and T, but are independent of N and

t
Z// / (2,\, z(ff,l?,tpﬂ(o’ﬂgl) v p+1(0,f(€)))dtp+1~-~df2
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Romberg Extrapolation

iN C 1
Ef(Yy") —Ef(Xr) = N + O(W)
and c L
i2Ny _ < L
Ef(Yz") — Ef(X7) 2N+O(N2>'
Hence,

i i 1
’(2Ef(YT’2N) - IEf(YT’N)) - IEf(XT)‘ = O(W)'
For general m, we can use a similar method to show that
S akEA(Yi) BF(X)| = 0( 1),

k=1

where
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Weak Error and ensemble particle system

One should study
[E[F(X] = D auBA (V)]
k=1

Motivation: M-ensambles

KIE[f Xl = ZZak N Zf(Y”J’kN ) }

j=1 k=1

< KIE[f(Xt)] - Z aEf (YJ*N)) }

k=1

m 1 M m 1 kN 2
E|:<Ekz: Zf YlkN Zzasz; YUkN) :|
=1 i=1 i=

j=1 k=1
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Weak Error and ensemble particle system

One should study
[E[F(X] = D auBA (V)]

k=1

Motivation: M-ensambles

KIE[f Xl = ZZak N Zf(Y”J”‘N ) }

< K}E[f(xt)] - kz;aklEf(Y!‘kN)) }
(S S 55 S|

o The first term is of order N~>" the second of order M~'Y", az(kN)™!
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Weak Error and ensemble particle system

One should study
[E[F(X] = D auBA (V)]

k=1

Motivation: M-ensambles

KIE[f Xl = ZZak N Zf(Y”J”‘N ) }

< K}E[f(xt)] - kz;aklEf(Y!‘kN)) }
(S S 55 S|

o The first term is of order N~>" the second of order M~'Y", az(kN)™!
o Cost C = MN? for the mean-square-error €? is C = O(e 27/™)
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Antithetic trick

Take 2N independent samples from po and 2N independent Brownian motions
(&', W")i=1..on . Next consider a system of particles

. t . t . .
Y;:g,»+/ b( ,',,ﬁ”) dr+/ a< ,',;ﬁ"’) dw!, 1<i<2N.
0 0
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Antithetic trick

Take 2N independent samples from po and 2N independent Brownian motions
(&', W")i=1..on . Next consider a system of particles

. t . t . .
v;:g,»+/ b( :,;ﬁ”) dr+/ a<Y,',;ﬁ"’) dwi, 1<i<2N.
0 0

Next take two non-intersecting subsets of (£i, Wi)j=]_,_,2N consisting of N pairs each i.e
take (£, w')i=1..n and (&', W')i=ni1.. 2.
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Antithetic trick

Take 2NV independent samples from po and 2N independent Brownian motions
(&', W")i=1..on . Next consider a system of particles

. t . t . .
Y;=§,+/ b( ,‘,MEN) dr—i—/ a<Y,’,;ﬁN> dw!, 1<i<2N.
0 0

Next take two non-intersecting subsets of (£i, wi);zl,_,zN consisting of N pairs each i.e
take (f', WI)i:l.“N and (5', W'),‘:N+1.“2N. Define

t . t .
YW =¢+ / (Y,’"”,uf”“’>dr+/a<\/,” L )dw,, 1<i<N,
0 0
t . t )
Y@ =g+ / (Yr’"z),uf”(”>dr+/ <Y’ o )dw,’, N+1<i<2N,
0

Study
Var[o(uz") — *(4’(#” W) 4 o).
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Antithetic trick

Recall representation

<D(l~4,‘y') = ¢($(XO,§)) + ( (o, M(,)V) B V(O,f(g)))
/0 N2 Ztr( (Yo N \EA%E /L;V)(Y;’N, YSIN)>

]

1 i i i

+f NZaw(s,us”)(Y;”)a(Y;”,us”)dWs.
0 i=1

ds
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Antithetic trick

Recall representation

<D(l~4,‘y') = ¢($(XO,§)) + ( (o, N(I)V) B V(O,f(g)))
/0 N2 Ztr( (Yo N \EA%E /L;V)(Y;’N, YSIN)>

]

1 i i i

+/ NZ«w(s,us”)(v;”)a(ys’”,us”)dws.
i=1

ds

Hence

0(u") — 2O ) + 0(u)) = 0(:8")  L@(D) + 0(u @) + 7+ 7.

2
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Antithetic trick

Recall representation

<D(l~4,‘y') = ¢($(XO,§)) + ( (o, M(I)V) B V(O,f(g)))
/0 N2 Ztr( (Yo N \EA%E /L;V)(Y;’N, YSIN)>

]

1 i i i

+/ NZ«w(s,us”)(v;”)a(ys’”,us”)dws.
i=1

ds

Hence

0(12") — S(o(u ) + o) = 0(18") - 3

(@) + (g™ ) + 7+ .7,

Easy to show
E[Z] $1/N and E[2°] < 1/N°.
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Antithetic trick

T 1 2N .

[ o S 0w (e i) (Yot iy

2N =

1 ( N N, (1)

Yy 0V (s )(
2N ;

i=N+1

2N
ysi,(l))o.(ysi,(l)’Nf»(l))dwsi + Z 8MV(5,M:V’&))(Ysi’(z))a(ysi’(z),H:”(Z))dwé)-
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Antithetic trick

2Ny i
7 .—/0 ZNZB V(s, p, Yo (Y, ps )dw,

1 i i j ; i
—N(Zauv(uf*(”)(Y;“))a(y;“, N Wyaw! 4 Z 8.V (s, ul @Y (Y o (vID] (2))dws>.
i=1

i=N+1

L i i N\ 2
B[] :]E[(/o - } :Z(s, Yo 2Ny — 5 (s, Ys’(l),uf”(l))dws> ]
@, M@) gy :
i i s i
</ N E (s, Y., —X(s, Y'Y, s )dws) ]-

i=N+1
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Antithetic trick

2Ny i
7 .—/0 ZNZB V(s, p, Yo (Y, us )dw,

1 i i i i
—N(Zauv(uf*(”)(Y;“))o(y;“, Y Wyaw! + Z 8.V (s, Y (VI D)o (v,
i=1

i=N+1

T i i 2

s = 21( [ 5y 2o Y)Yl Ol ) )
N2
</ o Z s(s, Y!, u2y = 5(s, VIO, iv'(z))dws') 1.

i=N+1

1 LT . . N
E[(ﬁ > /0 (s, ve,u2) = (s, v, us”“)dw;) ]
i=1
1 & T i 2N (1) N,(1)y2
= 2 | BUEGs v ) = X(s, Y00l D]
=170
Hence

E(#?) S 1/N°
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researchers on mean-field games
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Akey benefit of the workshop will be to strengthen the collaboration between UK-based researchers and the Laboratory of Stochastic Analysis and its Applications, at the
Higher School of Economics (HSE) in Moscow, led by Valentin Konakov. The consolidation of knowledge and exchange of ideas in the emerging field of Wasserstein calculus witl
its links to optimal transport, nonlinear PDEs, particle representations and mean-field games. The workshop will also develop research strategies emphasising applications in
energy markets, crowd dynamics and cybersecurity.
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