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McKV-SDEs

Let (Ω,F ,P) and (Wt)t∈[0,T ] be an Rq-valued Wiener process. For t ≥ 0, the
McKean–Vlasov equation (McKV-SDE)

X s,ξ
t = ξ +

∫ t

s

b(X s,ξ
r ,L (X s,ξ

r )) dr +

∫ t

s

σ(X s,ξ
r ,L (X s,ξ

r )) dWr , t ∈ [s,T ],

For µt := L (Xt) we have, for t ∈ I ,

〈µt , ϕ〉 = 〈µ0, ϕ〉+

∫ t

0

〈
µs , b(s, ·, µs)∂xϕ+ 1

2
tr(σσ∗)(s, ·, µs)∂

2
xϕ
〉
ds ∀ϕ ∈ C 2

0 (Rd) .
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Particle approximation

McKean-Vlasov SDE can be derived as a limit of interacting diffusions:Y i,N
T = ξi +

∫ t

0
b

(
Y i,N

r , µN
r

)
dr +

∫ t

0
σ

(
Y i,N

r , µN
r

)
dW i

r , 1 ≤ i ≤ N, t ∈ [0,T ],

µN
t := 1

N

∑N
j=1 δY j,N

t

where W i and ξi ,, 1 ≤ i ≤ N, are iid.

Propagation of chaos says: for any k ≤ N, L (Y 1,N , . . . ,Y k,N)⇒
∏k

i=1 L (X i ) when
N →∞.

”Strong” propagation of chaos ‖Y i,N
T − X i

T‖L2 . N−1/2, where

X i
t = ξ +

∫ t

s

b(X i
r ,L (X i

r )) dr +

∫ t

s

σ(X i
r ,L (X i

r )) dW i
r

Not trivial result (no dependence on the dimension) with general measure
dependence.

[Sznitman, 1991],[Méléard, 1996], [Bossy et al., 1996],[Antonelli et al., 2002],
[Jourdain and Méléard, 1998]...
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Towards Weak expansion

Let Φ : P(Rd)→ R. Consider weak error∣∣∣Φ(L (X 0,ξ
T ))− E[Φ(µN

T )]
∣∣∣,

It is well understood that study of the weak error relies on PDE theory

Define
V(s, µ) := Φ(L (X s,µ

T )), for (s, µ) ∈ [0,T ]× P2(Rd) ,

One can show that [Chassagneux et al., 2014][Buckdahn et al., 2017]{
∂sV(s, µ) +

∫
Rd

[
∂µV(s, µ)(y)b(y , µ) + 1

2
tr
(
∂v∂µV(s, µ)(y)a(y , µ)

)]
µ(dy) = 0,

V(T , µ) = Φ(µ),

where a = (ai,k)1≤i,k≤d : Rd × P2(Rd)→ Rd ⊗ Rd denotes the diffusion operator

ai,k(x , µ) :=

q∑
j=1

σi,j(x , µ)σk,j(x , µ), ∀x ∈ Rd , ∀µ ∈ P2(Rd).
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Measure derivative, due to Lions [Cardaliaguet, 2013]

Given u : P → R consider

i) an atomless, Polish probability space (Ω,F ,P),

ii) X ∈ L2(Ω) s.t. µ = L (X ) ,

iii) U : L2(Ω)→ R given by U(X ) := u(L (X )) - “lift of u”.

Definition (L-Derivative)

The function u is L-differentiable at µ if its lift U is Frechet differentiable at X .
Recall that this means that there is a bounded linear operator A : L2(Ω)→ R s.t.

lim
|Y |2→0

∣∣∣∣U(X + Y )− U(X )

|Y |2
− AY

|Y |2

∣∣∣∣ = 0 .

The bounded linear operator defines DU(X ) ∈ L2(Ω)∗ which is identified with L2(Ω) via
(X ,Y ) = E[XY ].

It can be shown that Lions derivative does not depend on the choice of the lift nor
probability space on which lift is defined.

Close links to Otto calculus in the theory of gradient flows [Ambrosio et al., 2008]

See also Semigroup on P [Kolokoltsov, 2010], [Mischler et al., 2015] and
[Del Moral et al., 2011]
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Example: u(µ) =
∫
Rd f (x)µ(dx) = 〈µ, f 〉, with f ∈ C 1 and |∇x f (x)| ≤ C(1 + |x |).

The lift U(X ) = E[f (X )]. We can check that DU(X ) = ∇x f (X ):

U(X + Y ) = U(X ) +

∫ 1

0

E[∇x f (X + λY )Y ] dλ .

Then

1

|Y |2

∣∣∣∣U(X + Y )− U(X )− E
[
∇x f (X )Y

]∣∣∣∣
≤ standard estimates

≤ C

(
|Y |2 + |Y |1/2

2 + sup
P(A)≤|Y |2

E[X 2
1A]

)
→ 0 as |Y |2 → 0.

So ∂µv(µ) = ∇x f .
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Higher order L-derivatives

First derivative of v : P2 → R is a mapping ∂µv : P2 × Rd → Rd

Fix µ ∈ P2. If ∂µv(µ, ·) : Rd → R is differentiable at some y ∈ Rd we write ∂y∂µv(µ, y).
So

∂y∂µv : P2 × Rd → Rd × Rd .

Fix y ∈ Rd . If ∂µv(·, y) : P2 → R is L-differentiable at µ ∈ P2 then we get (above
proposition) a ψ : P2 × Rd → Rd and we have

∂2
µv : P2 × Rd × Rd → Rd × Rd .
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L-derivatives for empirical measures

Let u : P2 → R. Let µ ∈ P2 be given.
Define

uN(x1, . . . , xN) := u

(
1

N

N∑
`=1

δx`

)
.

Proposition

If v is L-differentiable at µ then for any N ∈ N this vN is differentiable and

∂xku
N(x1, . . . , xN) =

1

N
(∂µu)

(
1

N

N∑
`=1

δx`

)
(xk) .

If u is twice L-differentiable at µ then for any N ∈ N this uN is twice differentiable and

∂xk xmv
N(x1, . . . , xN)

=
1

N
∂y

[
(∂µu)

(
1

N

N∑
`=1

δx`

)]
(xk)δk,m +

1

N2
(∂2
µu)

(
1

N

N∑
`=1

δx`

)
(xk , xm) .
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Proof of the expansion

We observe that

By the terminal condition for the PDE, we notice that Φ(µN
T ) = V(T , µN

T ).

Therefore, the weak error decomposes as

Φ(µN
T )− Φ(L (X 0,ξ

T )) = V(T , µN
T )− V(0,L (ξ))

)
=

(
V(T , µN

T )− V(0, µN
0 )
)

+
(
V(0, µN

0 )− V(0,L (ξ))
)
.
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Proof of the expansion

V(T , µN
T )− V(0, µN

0 ) = [V (T ,YN
T )− V (0,YN

0 )]

=

∫ T

0

∂V

∂s
(s,YN

s ) +
N∑
i=1

∂V

∂xi
(s,YN

s )b
(
Y i,N
s , µ

N
s

)
+

1

2
tr

(
a
(
Y i,N
s , µ

N
s

) N∑
i=1

∂2V

∂x2
i

(s,YN
s )

)
ds

]

+

∫ T

0

N∑
i=1

∂V

∂xi
(s,YN

s )σ(Y i,N
s , µ

N
s )dW i

s

=

∫ T

0

∂sV
(
s, µN

s

)
+

∫
Rd
∂µV

(
s, µN

s

)
(y)b

(
y , µN

s

)
+

1

2
tr

(
a
(
y , µN

s

)
∂v∂µV

(
s, µN

s

)
(y)

)
µ
N
s (dy) ds

+
1

2

∫ T

0

1

N

∫
Rd

tr

(
a
(
y , µN

s

)
∂

2
µV
(
s, µN

s

)
(y , y)

)
µ
N
s (dy)ds +

N∑
i=1

1

N
∂µV

(
s, µN

s

)
(Y i,N

s )σ(Y i,N
s , µ

N
s )dW i

s

But recall that

∂sV(s, µ) +

∫
Rd

[
∂µV(s, µ)(y)b(y , µ) +

1

2
tr
(
∂v∂µV(s, µ)(y)a(y , µ)

)]
µ(dy) = 0.
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=

∫ T

0

∂sV
(
s, µN

s

)
+

∫
Rd
∂µV

(
s, µN

s

)
(y)b

(
y , µN

s

)
+

1

2
tr

(
a
(
y , µN

s

)
∂v∂µV

(
s, µN

s

)
(y)

)
µ
N
s (dy) ds

+
1

2

∫ T

0

1

N

∫
Rd

tr

(
a
(
y , µN

s

)
∂

2
µV
(
s, µN

s

)
(y , y)

)
µ
N
s (dy)ds +

N∑
i=1

1

N
∂µV

(
s, µN

s

)
(Y i,N

s )σ(Y i,N
s , µ

N
s )dW i

s

But recall that

∂sV(s, µ) +

∫
Rd

[
∂µV(s, µ)(y)b(y , µ) +

1

2
tr
(
∂v∂µV(s, µ)(y)a(y , µ)

)]
µ(dy) = 0.
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Proof of the expansion

Hence

EΦ(µN
T )− Φ(L (X 0,ξ

T )) = E
(
V(0, µN

0 )− V(0, µN
0 )
)

+
1

2N

∫ T

0

E
∫
Rd

tr

(
a
(
y , µN

s

)
∂

2
µV
(
s, µN

s

)
(y , y)

)
µ
N
s (dy)ds

Strong variant of propagation of chaos also possible for E|Φ(µN
T )− Φ(L (X 0,ξ

T ))|
This gives the decomposition

EΦ(µN
T )− Φ(L (X 0,ξ

T )) = E
(
V(0, µN

0 )− V(0,L (ξ))
)

+
C1

N

+

∫ T

0

1

2N

(
E
[

1

N

N∑
i=1

tr

(
a
(
Y i,N
s , µ

N
s

)
∂

2
µV
(
s, µN

t2

)
(Y i,N

s ,Y i,N
s )

)]

−E
[

tr
(
a(X 0,ξ

s ,L (X 0,ξ
s ))∂2

µV
(
s,L (X 0,ξ

s )
)

(X 0,ξ
s ,X 0,ξ

s )
)])

ds.

Constant C1 does not depend on N!
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Higher order terms

Let V(1) = V
For each m ∈ {2, . . . , k} and 0 < tm < . . . < t2 < T , we define

V(m)
t2,...,tm

: [0, tm]× P2(Rd)→ R by

V(m)
t2,...,tm

(s, µ) := Φ
(m)
t2,...,tm

(L (X s,µ
tm )),

where Φ
(m)
t2,...,tm

: P2(Rd)→ R is given by

Φ
(m)
t2,...,tm

(µ) :=

∫
Rd

tr

(
∂2
µV

(m−1)
t2,...,tm−1

(tm, µ)(x , x)a(x , µ)

)
µ(dx).
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Theorem (Weak error expansion)

Assume coefficients of the SDE are C2k . Furthermore, suppose that, for each m ∈ {1, . . . , k} and

0 < tm < . . . < t2 < T, V(m)
t2,...,tm

is a unique classical solution to PDE{
∂sV(m)

t2,...,tm
(s, µ) +

∫
Rd
[
∂µV(m)

t2,...,tm
(s, µ)(x)b(x, µ) + 1

2 tr
(
∂v∂µV(m)

t2,...,tm
(s, µ)(x)a(x, µ)

)]
µ(dx) = 0,

V(m)
t2,...,tm

(tm, µ) = Φ
(m)
t2,...,tm

(µ).

Then the weak error in the particle approximation can be expressed as

E[Φ(µN
T )]− Φ(L (X 0,ξ

T )) = E
(
V(0, µN

0 )− V(0,L (ξ))
)

+
C1

N
+ . . . +

Ck−1

Nk−1
+ O

(
1

Nk

)
+ R0

,

where C1, . . . ,Ck−1 are constants that depend on Φ, b, σ and T, but are independent of N and

R0 :=

k−1∑
p=1

∫ T

0

∫ t2

0

. . .

∫ tp

0

1

(2N)p
E
(
V(p+1)

t2,...,tp+1

(
0, µN

0

)
− V(p+1)

t2,...,tp+1

(
0,L (ξ)

))
dtp+1 . . . dt2
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Romberg Extrapolation

Ef (Y i,N
T )− Ef (XT ) =

C

N
+ O

(
1

N2

)
and

Ef (Y i,2N
T )− Ef (XT ) =

C

2N
+ O

(
1

N2

)
.

Hence, ∣∣∣(2Ef (Y i,2N
T )− Ef (Y i,N

T )
)
− Ef (XT )

∣∣∣ = O
( 1

N2

)
.

For general m, we can use a similar method to show that∣∣∣∣ m∑
k=1

αkEf (Y i,kN
T )− Ef (XT )

∣∣∣∣ = O
( 1

Nm

)
,

where

αk = (−1)m−k km

k!(m − k)!
, 1 ≤ k ≤ m.
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Weak Error and ensemble particle system

One should study

|E[f (Xt)]−
m∑

k=1

αkEf (Y i,kN
t )|

Motivation: M-ensambles

E
[(

E[f (Xt)]− 1

M

M∑
j=1

m∑
k=1

αk
1

kN

kN∑
i=1

f (Y i,j,kN
T )

)2]

≤
[(

E[f (Xt)]−
m∑

k=1

αkEf (Y i,kN
t )

)2]

+ E
[(

E
m∑

k=1

αk
1

kN

kN∑
i=1

f (Y i,kN
t )− 1

M

M∑
j=1

m∑
k=1

αk
1

kN

kN∑
i=1

f (Y i,j,kN
T )

)2]

The first term is of order N−2m the second of order M−1∑
k α

2
k(kN)−1

Cost C = MN2 for the mean-square-error ε2 is C = O(ε−2−1/m )
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Antithetic trick

Take 2N independent samples from µ0 and 2N independent Brownian motions
(ξi ,W i )i=1...2N . Next consider a system of particles

Y i
t = ξi +

∫ t

0

b

(
Y i

r , µ
2N
r

)
dr +

∫ t

0

σ

(
Y i

r , µ
2N
r

)
dw i

r , 1 ≤ i ≤ 2N.

Next take two non-intersecting subsets of (ξi ,w i )i=1...2N consisting of N pairs each i.e
take (ξi ,w i )i=1...N and (ξi ,W i )i=N+1...2N . Define

Y
i,(1)
t = ξi +

∫ t

0

b

(
Y i,(1)

r , µN,(1)
r

)
dr +

∫ t

0

σ

(
Y i,(1)

r , µN,(1)
r

)
dw i

r , 1 ≤ i ≤ N,

Y
i,(2)
t = ξi +

∫ t

0

b

(
Y i,(2)

r , µN,(2)
r

)
dr +

∫ t

0

σ

(
Y i,(2)

r , µN,(2)
r

)
dw i

r , N + 1 ≤ i ≤ 2N,

Study

Var [Φ(µ2N
t )− 1

2
(Φ(µ

N,(1)
t ) + Φ(µ

N,(2)
t ))].
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Antithetic trick

Recall representation

Φ(µN
T ) = Φ(L (X 0,ξ

T )) +
(
V(0, µN

0 )− V(0,L (ξ))
)

+

∫ T

0

1

2

[
1

N2

N∑
i=1

tr

(
a
(
Y i,N

s , µN
s

)
∂2
µV
(
s, µN

s

)
(Y i,N

s ,Y i,N
s )

)]
ds

+

∫ T

0

1

N

N∑
i=1

∂µV
(
s, µN

s

)
(Y i,N

s )σ(Y i,N
s , µN

s )dW i
s .

Hence

Φ(µ2N
t )− 1

2
(Φ(µ

N,(1)
t ) + Φ(µ

N,(2)
t )) = Φ(µ2N

0 )− 1

2
(Φ(µ

N,(1)
0 ) + Φ(µ

N,(2)
0 )) + D + S ,

Easy to show
E[D ] / 1/N and E[D2] / 1/N2.
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Antithetic trick

S :=

∫ T

0

1

2N

2N∑
i=1

∂µV
(
s, µ2N

s

)
(Y i

s )σ(Y i
s , µ

2N
s )dw i

s

−
1

2N

( N∑
i=1

∂µV
(
µ
N,(1)
s

)
(Y i,(1)

s )σ(Y i,(1)
s , µ

N,(1)
s )dw i

s +
2N∑

i=N+1

∂µV
(
s, µN,(2)

s

)
(Y i,(2)

s )σ(Y i,(2)
s , µ

N,(2)
s )dw i

s

)
.

E[S 2] = E[

(∫ T

0

1

2N

N∑
i=1

Σ(s,Y i
s , µ

2N
s )− Σ(s,Y i,(1)

s , µ
N,(1)
s )dw i

s

)2

]

+ E[

(∫ T

0

1

2N

2N∑
i=N+1

Σ(s,Y i
s , µ

2N
s )− Σ(s,Y i,(2)

s , µ
N,(2)
s )dw i

s

)2

].

E[

(
1

2N

N∑
i=1

∫ T

0

Σ(s,Y i
s , µ

2N
s )− Σ(s,Y i,(1)

s , µ
N,(1)
s )dW i

s

)2

]

=
1

4N2

N∑
i=1

∫ T

0

E[(Σ(s,Y i
s , µ

2N
s )− Σ(s,Y i,(1)

s , µ
N,(1)
s )2]ds]

Hence
E(S 2) / 1/N2
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2N

( N∑
i=1

∂µV
(
µ
N,(1)
s

)
(Y i,(1)

s )σ(Y i,(1)
s , µ

N,(1)
s )dw i

s +
2N∑

i=N+1

∂µV
(
s, µN,(2)

s

)
(Y i,(2)

s )σ(Y i,(2)
s , µ

N,(2)
s )dw i

s

)
.

E[S 2] = E[

(∫ T

0

1

2N

N∑
i=1

Σ(s,Y i
s , µ

2N
s )− Σ(s,Y i,(1)

s , µ
N,(1)
s )dw i

s

)2

]

+ E[

(∫ T

0

1

2N

2N∑
i=N+1

Σ(s,Y i
s , µ

2N
s )− Σ(s,Y i,(2)

s , µ
N,(2)
s )dw i

s

)2

].

E[

(
1

2N

N∑
i=1

∫ T

0

Σ(s,Y i
s , µ

2N
s )− Σ(s,Y i,(1)

s , µ
N,(1)
s )dW i

s

)2

]

=
1

4N2

N∑
i=1

∫ T

0

E[(Σ(s,Y i
s , µ

2N
s )− Σ(s,Y i,(1)

s , µ
N,(1)
s )2]ds]

Hence
E(S 2) / 1/N2
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