
 

BCQT Bicategories Lecture 2 Enriched categories

3 ENRICHED CATEGORIES

Deff let U be a monoidal cat A Venriched category E

or D category involves

a collection of object oboe

for t.ge oboe a homobject Elroy e V
e for tigittoble a compositionmap

Mxyz Ely 2 Decay Ect z in V

for a coble an identities map

ex I ECx x

satisfying associativity and unitality axioms

Just as a caty is a may object monoid so a U cat is
a mayobject monoid in V

Examples
A Set caty is just a locallysmall ordinary category

A Kat cat is a k linen caty
n A AM Set cat is a simplicially enriched category

A Cat caty is a 2 category

A Chat caty is a dg category

In all of these examples a V caty is just an ordinary calf



which has been enhanced somehow The following makes this precise

DEIN Let E bea V caty The underlying ordinary category of
E is the caty Co with the same objects and

arrows x y in Co

maps I ectly in V

In this situation say that e is a Enrichment of lo

Exercise what are U VIE VIE cats concretely

Lets look at some novel examples

Et A cat enriched in Set x 1 has an obj set
oble for ayee a pairof tonset EGig City
With a little thought comp

identities provide caty structure

on Co and E so that I C E is an

identity on obj functor So a set cat is a

pair of caty C E with an i o o functor betweenthem

Et Consider Subset whose objs are pairs test U EX
and maps are fhs preserving the subset This has a

monoidal structure

NEX IVEY UXYoXXV EXxy

A Sabet caty is a caly Co together with a



subset I e mor lo constituting a two sided ideal

ie f e I hf fg e I for all suitablehg

Let E be a category T a monad on E We can

give an enrichment of E in AY Set con givenby

e xy sin Set

a ECT x y

Note Reshef structure uses the monad shucheof T

Composition is

Ely z al x Clay a Ex 2 mon

f Thy it g Try n TMI try It

DEI A V fint File D between D cats involves

a mapping oble ob D

o for all t.ge oble a map Fry Clay DIFxify
in U

plus functionality axioms

Forexample
A Set functor is a functor

A Cat functor is a 2 functor stricthomomorphism



A khat funder is a k lien functor

What about our more interesting examples

A Set functor E D is a pairof fuels in a

commuting square

É
A Subset fincher E D is a funder F C D st

F IIe EID
If T S are monads on C D and I I are the
associated SinSet cats then a SinSet furetor

EQ is an ordinary fincher Fie D Hw
a nat xfm 8 SF FT compatible with monad

structures A Mead morphism et 10,5

In particular a sin St finch 1 D is

precisely an S algebra in D

Theres also a notion of Anand transformation a F G E D

between V functors Such an x involves a familyof
components ax Fx Gx in Do satisfying a

Unatally condition see notes

In this way we get a 2 caty of D cats O functus D nat



transformations

4 THE FUNDAMENTAL THEOREM OF ENRICHED CATEGORIES

DEI Let U be a monoidal catty A Kachin on a cafe
is a functor Ute E Har not isoms

N I C I C and a Vow C V Wrc

plus atoms Equiv its a strongmonoidal functor

M e e o

Ex V acts on itself via

If VFW is strong monoidal functor then any
W aches on E yields a V action by peco position
If E has coproduch have an action

set e e
I C N I C EIC

k algebra

Have an action k Vectx A mod A mod

V M VonM
Have an action k Coaly x hAlg kAlg

C A Honk A

A monad on E is same as a strict monoidal

functor At The So we get a

Shelly assoc and unital achoo Atte E
I C as The



Deff A monoidal action is right closed if each
fincher C U E has a right adjoint
so e V ie

V C D

V cap

in e

in D

For example
Self action 0 0 2 0 is right closed just when

U is a right closed monoidal cat true inalmost

all of our examples
k Vet A Mod A Mod is right closed whee

M N k rectsp of AMod for M NEA mod
homomorphism

k Coaly t kAlgor hAly is right closed where

for A B eh Aly CA B is Sweedler's

meaning coolget from A to B satisfies

B Honk A in KAly
C B A in h Coaly

Sett e e
CI c as Ioc

is always right closed with

C D ECC D



Theorem Fundamentalthanof enriched caty theory Any
right closed action V E E gives riseto an
enrichmentof E in V Moreover the U cabs army
in this way are precisely those which have copovers

What's a copouw

Deff Let E bea D caty CEE VED A copier
of C by V is an object V c in E Hw a map
V ECC V C in t composition with which induces

isomorphisms

in V ADV etc D
in V A ecu c p

so in ptic V Ck D in g
Vac D in Co

PYientatttrachin pre E which is right closed

we define a D enrichmentof E say I where

I CID go pg
fromright closureof

Identities I.CI C

I I c c

D E OKDY C ILD E KCD C LDE DIE
Compusthin

be C D C E



Easy tocheek the axioms now the unit map V C V C

of the adj's C l C 1 G exhibit Vac as a copow

of C by V ink

Conversely if E is a U caty with copowers then taking

copovers guis a Faction on I E

Ux e e
V C he V c

which is right closed by wilt LC D ECC D I

For example

if U is right closed monoidal caty then it has an enrichment

over itself for example
Cat is a cat category ie a 2caty
sonset is a simplicially enriched curly

h Vet is a k linear category

Via Sette E E caly with copnds get an
enrichment of E over Set which is just e

Via h VecttAMod AMod we see that A Mod is

a k linear canty



Via h Coaly x hAly hAlgor get an
enrichment of k Algor in h Coaly


