
 

BCQT Summer School Bicategoies

Leche 1 Monoidal categories bicategories

1 MONOIDAL CATEGORIES

A monoid is a setM Hw a constant EM and operation

him to nom it

Min k m In k l m m m I

These anons are justified by the fact that free monoidon a set

X is the monoid X of listof elementsof X under concatenation

To categoity this deft replace theequalities by chat
isomorphisms

DEI A monoidal cat is a caty U Hw a unit object
Iet and a tensor product functor 0 0 30
and nat isos 2 lip with components

Eyz toy 02 I Olyat A IOx X fix xoI

satisfying two axioms i
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These axioms are justified by fact that free monoidal cat on
an X indexed familyof objects is equivalent to thediscrete at

Examples

Set x 1

E x 1 where E any caty w products

eg Cat IIP Set Top Shirl
hVect O k similarly Ab 2 v shat 21

Repa O k more generally modalsoverany Hopfalgebra
bialgebra

e e o id forany cafe
Restricted funder catys eg if E is complete

Cocks e e o id

eg coats set St o id Set x id
CockChVect heat o id heat o h

Small examples

At I finiteordinals a 0 n i ordinal sun

Any monoid M becomes a discrete monoidal caty M 1

Any Comm monoid M becomes
a one object monoidal city

with o

We can also build new monoidal cats from existing ones

Obvious VAW monoidal if O W are

Lssobvi suppose D is monoidal of coproducts and
presenes coprods in each variable ie

Adf I 70A O 0 pies copods



UN is monoidal via ADB EmekAn Bk

VII is monoidal foranyset I via ADBin EIA Bi

V50 monoidal via A C B D AaB AOD COB

Call this VID by analogy with ringof dual numbers

V itself monoidal via AIB At B AB I 0

and A B At Bt AB BA ABA BABt I O

A very important way of building mon she is via convolution

Deff Let O W be monoidal catys F G le O
72kt

functors

A bilinemy FG H is a natural furyof maps
FX way Hexyl Hayer

A Onlinarmay 11 H is a map Iw H In
The Day coevolution medial she on IV W when it
exists is characterisedby the fact that

F G H bilinear

Fiona H hatxfm

H

Iron H

The existence of Doon is guaranteed if U small W cocomp
and inW pres colins in each viable The explicit



formulae are then

FoonG V S wax V FW GX

IN VCI V I

For example of above is the con monoid statue from

IN o 1 to 10,0 I

Convolution shr on At Set gives join of augmented

simplicial sets

DEI A maid in a monoidal at V is MeV Hw
m MOM 2M e I AM satisfying unit and assoc

ations

Examples so In Set Top IS Set monoid topologicalmonoid

simplicial monoid

In Cat shot monoidal cat x d p id
In h Vet k algebra in Ab ring
In e e for Cocklee a monad or coats monad on e

In A I 03 is a monoid in fact A is the

free noonoidal caty on the monoid I
In V1 a gradedmonoid in V Milian Hw

M OM Mig I Mo t atrois



In VII involves Vobject Eli.j Hw

Elj h Eli Eli b I eci i

anons next time we ll see these are Dcategies
with ob set I

In Vie CA B Hw AOA AOBBoA AB

I o A A
n monoid A Hw an A A bimodule B

In V 0 monoid is a semigroup monoid

without unit

What about monoid in TVW con Well its
F O W Ho

F F IF C IF

ie maps FX Fy Floy I I FI

plus axioms More generally

Pax
DEFI A modal finch F O W between mon cats is

a functor FO W Hw data plus axioms

A monoidal functor is called shy if each is invertible



Also have opted mon fuchs which involve map FAO FAF

and FI I plus axioms

There's a caty Nonfat of monoidal caty t monoidal functor and

we can justify the importanceof convolution by noting that

U V W monoidal finches

U IU Uconn monoidal finch

2 BICATEGORIES

Just as monads rogers categories so mygidal Iggy bicategories

DEIN A bialy B companies

o a set of objects ob B
morphisms Fg y 2 cells

of s anti
for all x y Zeo B a composite functor

Bly 2 x Bay BA z

for all xfob B an identity l all I E Bla x

plus nut isos WP M
poke It I

2 Mg N P MO NO P in Blu z

in Igg M M pm M MOI



satisfying 2 axioms If 2 1 p id call B a 2 categoy

Examples

Cat is a 2 category where 2 cells are nut trusts
Nonfat is a 2 category where 2 cells are monoidal not

transfs Liliane hare McCarthy Mactoplat
There's a bialy Sparlset where objects are sets

and tells X my are spurs FM y
Composition is by pullback

iffy
This is not a 2 cab
only a bicategory

More gually Span E for any E wilt pullback

If U a moncaty w copnds presencebyeach Aot HAA

get a bialy Matto with

obs sets

tells I T object of 21
composition of Its 3Ms K is

NO Mik IsNjkOMij
Not Mat 9 II is the V we saw before

In general if B any bicity
then Bex D I II is



monoidal category

Note Span Sat n Mat St

There's a bicaly Bin w rings as objects I cells
M Russ is a left R right S bimodule

composition is terror product of binodules

Theres a 2a.ly Ref with
object sets

tall R X 19 is a relation RE Xx y
2 all 12 75 X 79 is the asserhis that RES
composition is relational composition

If E is any arty can see it as a 2 city with only identity
2 cells

If O is a monoidal caty can see it as a one object bicategoy

We can now redevelop the preceding ideas for mon cats for
bicategories For example

a monad in a bialy B on an object xeB is a

monoid in Beat Ox I
a morphismof bicatys F B E involus

a map on objects ob B ob E

F



facts Bay E Fx Fy
2 cells Fye M Fy Fy N Is Ez Mg N

In
e FCI

yielding a caty Bit of bicatys and morphisms

call Fa homomorphism if each m e invertible

There's a notion of convolute bicaty B e con such

that
morphism

AIEEL.numorphisms


